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Abstract. We explicitly present a scheme for quantum state sharing of an arbitrary multiqubit state
using nonmaximally entangled GHZ states as the quantum channel and generalized Bell states as the
measurement basis. The scheme succeeds only probabilistically with its total success probability depending
on the degree of entanglement matching between the quantum channel and the generalized Bell states.
Security of the scheme is guaranteed by the fact that attacks of an outside eavesdropper or/and an inside
dishonest party will inevitably introduce detectable errors.

PACS. 03.67.Hk Quantum communication — 03.67.Dd Quantum cryptography — 03.65.Ud Entanglement
and quantum nonlocality (e.g. EPR paradox, Bell’s inequalities, GHZ states, etc.)

QICS. 21.20.+s Quantum secret sharing / data hiding

1 Introduction

In classical secret sharing (see, e.g., [1,2]) a secret infor-
mation is distributed among a number of users such that
certain sufficiently large sets of users are able to access
the information, but any smaller sets of them can by no
means gain the meaning of the shared secret. This crypto-
graphic task has been recognized as a powerful technique
in information and computer sciences which enables secure
and robust communication in relevant networks. However,
the challenging problem of eavesdropping cannot be de-
feated efficiently by the classical dealing with secret shar-
ing because any classical secret distributions can be eaves-
dropped perfectly without tracks left behind. In addition,
it is impossible in principle to figure out existence of dis-
honest users, if any. Therefore, to guarantee an absolute
security one should process the task in a quantum way,
making use of laws of quantum physics.

Quantum secret sharing (QSS) is the generalization of
classical secret sharing [1,2] into quantum scenario firstly
by using three-particle and four-particle Greenberger-
Horne-Zeilinger (GHZ) states [3]. After that a great deal
of QSS schemes were proposed and most of them are fo-
cused on dealing with sharing a classical secret in terms
of a classical message [4-13]. Since many applications in
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quantum information science require distribution of quan-
tum states, there are also a lot of QSS schemes dealing
with sharing a quantum secret in terms of a quantum
state (see, e.g., [14-16,18-22]). This kind of sharing quan-
tum information is referred to as quantum state sharing
(QSTS) to differentiate from the QSS of classical infor-
mation. The simplest case of QSTS concerning a single-
qubit state was considered in references [3,16]. In refer-
ence [3], a single-qubit state is split among two parties
by means of the GHZ state served as the quantum chan-
nel and the QSTS is processed by performing Bell-state
measurements. Instead of using a GHZ state as the quan-
tum channel, in reference [16], a single-qubit state can
be distributed among two parties by using two Einstein-
Podolsky-Rosen (EPR) pairs [17]. However, to implement
the scheme of [16] the multipartite joint measurements are
demanded. Since then several schemes were proposed for
QSTS of an arbitrary N-qubit state with N > 2 [19-22].
In [19,20] the QSTS schemes of an arbitrary 2-particle
state were presented by using EPR pairs as the quantum
channels. For instance, for Alice to securely share an ar-
bitrary 2-qubit secret state with her two remote parties,
Bob and Charlie, four EPR pairs are consumed with the
condition that both Bob and Charlie should be equipped
with a perfect Bell-state analyzer. In case such a condi-
tion cannot be met, i.e., when Bob and Charlie are both
technically limited, the schemes in [19,20] will not work.
However, if the quantum channels in terms of GHZ states
are used, this case turns out to be successful [21,22] again.
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Namely, though in [21,22] two GHZ states play the role
of the quantum channels, Bob and Charlie are only re-
quired to carry out single-qubit von Neumann projective
measurements, which are technically much easier than the
joint 2-qubit Bell-state measurements. Nevertheless, it is
worth noting that, in references [21,22] the quantum chan-
nel used is assumed maximally entangled. Since genera-
tion and distribution of maximally entangled states are
commonly recognized as a difficult (expensive) task due
to errors in the production process or/and in the process
of state transmission, of more practical interest is the di-
rect use of nonmaximally entangled states as the quantum
channel to achieve a task. This important idea was indeed
exploited for various cryptographic tasks such as telepor-
tation [23-25], QSTS [26], etc. In reference [26], schemes
of QSTS for a single-qubit state were presented by using
nonmaximally entangled states as the quantum channels.

In this work we consider the general case of QSTS of
an arbitrary N-qubit state using N nonmaximally entan-
gled GHZ states as the quantum channel. The N-qubit
secret state can be reconstructed with unit fidelity by
any receiver, who is chosen randomly by the sender, pro-
vided that the other receiver agrees to collaborate. Al-
though using nonmaximally entangled quantum channels
is more practical, the price to pay for faithful QSTS is
that the success probability is always less than unity,
i.e., the scheme becomes probabilistic rather than deter-
ministic. We work out explicitly which kinds of measure-
ments/operations should be performed by the authorized
parties to achieve the task with an optimal success proba-
bility. We also propose a quantum way by means of addi-
tional decoy qubits to protect the scheme from an outside
eavesdropper as well as from an inside cheater.

Our paper is structured as follows. In Section 2 we
present in full detail the QSTS for the case of N = 2, for
clarity. Section 3 outlines the scheme for the general case
of an arbitrary N > 2. Finally, we conclusion in Section 4.

2 Quantum state sharing of an arbitrary
2-qubit state

For clarity, let us first consider in full detail the case of
N = 2. Suppose that Alice is a technically powerful party
who is capable of producing/distributing GHZ states as
well as of performing any general 2-qubit joint measure-
ments, but her two remote parties, Bob and Charlie, are
technically limited being equipped with facilities which al-
low only for single-qubit measurements/operations. Now,
Alice has an arbitrary 2-qubit secret state

|S)12 = a|00)12 + B|01)12 + y[10)12 + §[11)12, (1)
with its secrecy contained in the coefficients «, 3, v and
§ (laf® +|B]? + |v|* + |6)> = 1) and she wishes to send
this state to Bob and Charlie in such a way that only
one of them (who will be selected at random by Alice)
is able to faithfully reconstruct the state with the help
of the other party, regardless of possible existence of any
outside eavesdropper and/or inside cheater. Such a task
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can be done with unit success probability if Alice, Bob and
Charlie priorly share a pair of maximally entangled Bell
states [19,20] or GHZ states [21,22]. To be more practical,
here we are interested in the circumstances when the two
shared GHZ states are nonmaximally entangled which are
of the form (i € {1,2})

|Q>AiBici = :L"|000>A13101 + V|111>AiBiCia (2)

where the coefficients p, v satisfy the normalization condi-
tion |p|? + [v|> = 1 and p, v # 1/4/2. We assume that the
states |@Q)a,B;c; are prepared/distributed by Alice and
thus the values of u,r are known to her (but not neces-
sarily known to Bob and Charlie).

As will be seen clearer later, here the usually used mea-
surements in the standard Bell-state basis do not suit our
problem. Hence, instead of the standard Bell states, we
define another complete orthonormal set of four states,
called generalized Bell states, which for a system of two
arbitrary qubits X and Y are given by

|Boo) xy = @|00) xy +b11) xy (3)
|Bo1) xy = ¢|01) xy +d[10) xy (4)
|Bio)xy = d|01)xy — ¢ [10) xy-, (5)
|Bi1)xy = 0[00) xy —a|11)xy, (6)

where |a® +[b]* = |c[*+|d|* = 1 and xy (Biir |Bjjr) xy =

w055 We assume that Alice is able to perform

a generalized-Bell-state measurement (GBM) which is

meant as a projective measurement onto one of the four

generalized Bell states given by equations (3)—(6), with
choice of the parameters a, b, c and d being at her disposal.

A particular issue in the secret sharing problem is that

one (and only one) of Bob and Charlie may be dishonest,
but Alice does not know precisely who of them is the dis-
honest one. The purpose of the dishonest party is to obtain
Alice’s secret state alone (even when he/she has not been
assigned by Alice to reconstruct it) or to supply wrong in-
formation so that the other party cannot obtain the right
state. These kinds of dishonesty of an inside party as well
as eavesdropping of an outside party (called Eve) can be
detected in our QSTS scheme which goes through several
steps as follows.

Step 1. Suppose that Alice has a pair of nonmaximally
entangled GHZ states in the form (2). To achieve her
goal, she also prepares 4L (L is an integer large enough
to ensure a required level of security) decoy single-
qubits (served as checking qubits) {¢Z,q¢,pP,p¢}
(i =1,2,...,L) such that qZB(C) is randomly in one of
the four states {|0),[1),]0), 1)} and pf(c) is randomly
in one of the two states {|0), 1)}, where |0) and |1) are
the two orthonormal states in the z-basis

0 = —=(0) + 1)
1

710 = 11).

Then Alice randomly sends qubits By, Ba, {¢?}, {p?}
to Bob and C1, C2, {¢F'}, {p{'} to Charlie (see Fig. 1a).

(7)

) = (8)
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Fig. 1. A qubit is represented by a solid circle and an entanglement between qubits by solid lines. The checking qubits are
omitted to avoid prolix. (a) After step 1 Alice holds a 2-qubit secret state |S)i12 while Alice, Bob and Charlie share two
nonmaximally entangled GHZ states |Q)a,B,c;, and |Q)a,B.c0.; (b) after Alice’s GBMs with outcomes {i,j} and {k, [}, the
qubits Bi, Bz, C1 and C2 become entangled with each other; (c) after Bob’s single-qubit measurements on qubits B, B2 with
outcomes {m,n}, Charlie’s two qubits are left in an entangled state |®;;ximn) that contains full information of Alice’s original

secret state.

It is important to note that although the qubits are
sent out in a random order, the sending order is pre-
cisely known to Alice but not to anyone else.

Step 2. After Bob and Charlie confirm that they have
received all the qubits, Alice reveals the position of
the checking qubits {¢?} and {¢¢'} and asks Bob and
Charlie to measure them in the appropriate bases (i.e.,
in those they have been prepared by Alice) and then
announce her their results. Through a careful statis-
tical analysis of the measurement outcomes for the
checking qubits {¢?, ¢}, Alice is able to assess the
error rate of secure sharing of the quantum channel.
If it exceeds a predetermined threshold, she decides to
abort the scheme. Otherwise, she proceeds to the next
step.

Step 3. Alice makes two GBMs, one on the qubit pair
{1, A1} and the other on {2, A5}, with the outcomes
{’L,j} and {k’,l} if she finds |Bij>1A1 and |Bkl>2A27 re-
spectively. Thanks to multipartite entanglement swap-
ping [27], after the GBMs the four qubits By, Bs, C;
and Cy are projected onto a genuine four-partite en-

if Bob finds |7;v1>pf3a |7;v2>p§a SRR |?L/>pfa |77L>Bl and |ﬁ>Bzv
respectively. Then, through a careful analysis of the
measurement results {r;} for the checking qubits {p?},
Alice is able to assess the error rate caused by Bob’s
dishonesty. If it exceeds a predetermined threshold, she
decides to abort the scheme. Otherwise, she accepts
that Bob has not cheated, i.e., the qubit B; has been
in the state |m)p, and the qubit Bs in the state 1) p,.
As a consequence, Charlie’s two qubits C7 and Cy will
collapse onto the state |P;jkimn)c,c, Which is of the
form

|Pijkimn )iy = Eijkimn]00)cycs + Cijkimn|01)cy s
+ Uijklmn|10>C1C2 + Tijklmn |11>01C2 (9)

where the coefficients &;jrimn, Cijkimn, Tijkimn and
Tijkimn are determined by Alice’s and Bob’s measure-
ment outcomes (see Fig. 1c). Evidently, after this step
Alice’s secret information has been contained in the
state |D;jkimn)c, 0, 0f Charlie’s qubits.

tangled state characterized by «, 3, 7 and §. That is, Step 5. Since like Bob Charlie has no idea about the or-

the information of Alice’s original quantum secret state
has been transferred to the state of qubits By, By, C
and Cs (see Fig. 1b).

Step 4. Alice randomly selects either Bob or Charlie to
reconstruct her secret state (the selection should not
be learn beforehand by neither Bob nor Charlie). For
concreteness, let Charlie be selected by Alice (The case
when Bob is selected is similar because of the Bob-
Charlie symmetry in this problem). If so, Alice asks

der of her L + 2 qubits {p{'}, C; and Cs, Alice pub-
licly reveals Charlie the precise position of the qubits
C1 and C5 followed by her and Bob’s measurement
outcomes (which is a classical message) in the form
{ijklmn} according to which Charlie is able to trans-
form |D; jkimn ) cyc, to the desired state |S)c, ¢, by ap-
plying an appropriate unitary operator 5}§%n (to be

specified later) on her two qubits C; and Cs.

Bob to measure all the L+ 2 remaining qubits (i.e., the ~Although using nonmaximally entangled quantum chan-
two qubits By, By and the L checking qubits {p”}) in nels is more practical than using maximally entangled
the z-basis then publicly announce all his results. Note ones, the price to pay for faithful QSTS is that the success
that Bob cannot distinguish between the L + 2 qubits probability is always less than unity, i.e., the scheme be-
but Alice can because she knows the order in which comes probabilistic rather than deterministic. To elucidate
she has sent them out. Just for illustration, let the this point let us write the total state [T') 194 . 0, 4, B, =
order be {p?,pZ,....p%, B1, Bo} and Bob’s measure- |S),, |Q)a,5,01|Q) 48,0, Of the secret state and the
ment results be {r1,r9,...,7,m,n} (r;;m,n € {0,1}) quantum channels in terms of the generalized Bell states
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Table 1. The correspondence between the coeflicients &;jkimn, Cijkimn, Tijkimn and Tijkimn of state |D;jkimn)c, o, (see Eq. (10))

and the measurement outcome {ijklimn}.

Case # ijklmn  Eijkimn  Cijhimn  Tijkimn  Tijkimn Case # ijklmn  &ijkimn  Cijklmn  Oijklmn  Tijklmn
1 000000  a?ou® abBuv abyuv b251? 33 100000  adyu® bddpv  —acopr  —befBv?
2 000001  a’au® —abBuv  abyuv —b%60? 34 100001  adyp?  —bdéur —acour  befr?
3 000010  a’au® abBuy  —abyur  —b*507 35 100010  adyp? bdo v acapy befv?
4 000011  a’au® —abBuv  —abyuv b25v? 36 100011  adyp?  —bdépr  acapy  —bcfv?
5 000100  acBu? adouy bedpuv bdyv? 37 100100  cdépu? d*yuv —2Bury  —cdo?
6 000101  acBu® —adopv beopuv —bdy1? 38 100101 eddp®? —dPyur  —cBuv  cdav?
7 000110  acBu? adouy —bedur  —bdy? 39 100110  cdép? d*yuv 2 Buv cdo?
8 000111  acBu® —adapy —beSuv bdyv? 40 100111 eddp®? —dPyur  EBur  —cdav?
9 001000  adBu® —acaupv bdd v —beyr? 41 101000  d*6u® —cdypy —cdBur  cav?
10 001001  adfBu? acapy bdd v beyv? 42 101001 d*6u? cdypv  —cdBur  —cfar?
11 001010  adBu® —acapy  —bdduv beyv? 43 101010  d?6u® —cdypy  cdfpry  —cFav?
12 001011  adBu? acouy —bddur  —bey? 44 101011 d26p? cdyuv cdfBuv Ao’
13 001100  abap?® —a?Buv b2yuw —abdv? 45 101100  bdyp® —addpr —beaur  acBv?
14 001101  abay? a®Buv b ypv abdv? 46 101101 bdyp? addpv  —bcopy  —acBv?
15 001110  abap® —a’Bur —b*ypv abdv? 47 101110 bdyp? —adSpv  becapr — —acfr?
16 001111  abay? a®Buv —b*yury  —abdv? 48 101111 bdyp? addpv beapv acBv?
17 010000  acyu? bed pv adapv bdpv? 49 110000  aboy? VBuy  —ad’yur  —abdy?
18 010001  acyu®  —bedpuv  adapr  —bdBv? 50 110001 aboy®  —b*Bur  —d*yur  abdy?
19 010010  acyu? bedpuv —adopy  —bdfv? 51 110010  abau? b2Buv a’yuv abd~y?
20 010011  acyu? —bedpur  —adapr  bdpr? 52 110011 abap® —b*Buv  a*yuv —abd~y?
21 010100  c?6u® cdyuv cdfBuv d?o? 53 110100  beBu? bdapy — —acduy —adyv?
22 010101  ?6u® —cdyuv cdfBuv —d?a? 54 110101  beBu —bdapy —acdur  adyv?
23 010110  c?6p? cdyury  —cdBuy  —d?av? 55 110110 bcBu? bdapv acd pv adyv?
24 010111  ?6u®>  —cdywr —cdBur  d*ar? 56 110111 bcBu —bdopr  acdpy  —adyr?
25 011000  cddp®  —cEyuv d*Buy  —cdo® 57 111000  bdBu®  —beopr —addur  acyv?
26 011001  cdou? Ayuv d?Buv cdar? 58 111001  bdBu? becauv —addpy  —acyr?
27 011010  cdou? Sy —d*Bur cdo® 59 111010  bdBu®> —bcopr  addpv  —acyv?
28 011011  cdou? Ayuv —d?Buy  —cdo/? 60 111011 bdBu? becauv addpuv acyv?
29 011100  beyp? —acopuv bdopry — —adpv? 61 111100  b*au?® —abBur —abyur  a*6v?
30 011101  beyp? acd pv bdapv adfv? 62 111101 b2 ay? abBuvy  —abyur —a?6?
31 011110 beyu?  —acdur —bdapr  adBv? 63 111110 b*ap® —abBuv  abyuy  —a’6v?
32 011111  beyu? acdpv —bdopy —adBv? 64 111111 bau? abBuv abypv a?61?

(see Egs. (3)-(6)) and the

and (8)) as

x-basis states (see Egs. (7)

Choice 2. Ifa =v,b= pbut ¢,d ¢ {u, v}, then the only
nonzero success probabilities are pogoomn = ptv*/4 for
any m,n € {0,1} leading to the total success proba-

1
1
|T>12A13101A2B202 = 5 Z

i,4,k,l,m,n=0

X |77L>Bl |ﬁ>32 |€pijklmn>ClCQ-

|Bij)1a,|Bri)2a,

(10)

The explicit dependence of |D;jkimn)c,c, on {ijklmn} is
tabulated in Table 1.

The data in Table 1 show that for given quantum chan-
nels, i.e., for given p and v, success of the scheme is sen-
sitive to the parameters a, b, ¢ and d, which Alice can
choose at her will to optimize the performance. In total,
there are 9 possible sets of choice for the parameters.

Choice 1. Ifa,b,c,d ¢ {u, v}, then the scheme fails abso-
lutely, i.e., Dijrimn = 0 for any 4, 7, k,[, m and n, where
Dijkimn denotes the success probability corresponding
to the outcome {ijkimn}.

bility P = Z:nm:o Poooomn = pirt.

Choice 3. If a,b ¢ {u,v} but ¢ = v,d = pu, then the only
nonzero success probabilities are po101mn = ptv*/4 for
any m,n € {0,1} leading to the total success proba-
bility P = Z:n,n:o Po101mn = pivl.

Choice 4. If a,b ¢ {u,v} but ¢ = u,d = v, then the only
nonzero success probabilities are p1010mn = u41/4 /4 for
any m,n € {0,1} leading to the total success proba-
bility P = Z}n,n:o P1010mn = pivd.

Choice 5. If a = pu,b = v but ¢,d ¢ {u, v}, then the only
nonzero success probabilities are p1111mn = u41/4 /4 for
any m,n € {0,1} leading to the total success proba-
blhty P = Zrln,n:O P111imn = /_L4V4.

Choice 6. If a = ¢ = v and b = d = pu, then the only
nonzero success probabilities are pojoimn = ptvt/4 for
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Table 2. Correspondence between the successful measurement outcomes {ijklmn}, Charlie’s collapsed states \S'>C1C2 and the

respective unitary operators U, S}cgﬁn

Case # ijklmn |S/>Cng Ug,lcl(;};n
1 000000 («|00) + B[01) + v [10) + 6 |11))c, ¢, I @ 192
2 000001 («|00) — 3[01) + v [10) — & |11))c;y s I @ 02
3 000010  (a|00) 4+ B|01) — v ]10) — 8 [11))cycn oft @ I
4 000011 (a|00) — B|01) —~|10) + 6 |11))cy 0y o1 ® 0S?
5 000100 (B]00) + a|01) + & [10) + v |[11))cy 0, 19 ® 052
6 000101 (B100) — «|01) +8[10) — v |[11))cycp, 1" ®io§?
7 000110  (B]00) 4+ « |01) — §[10) — v |[11)) ¢y o1 ® o§?
8 000111 (B100) — |01) — §[10) + v |11))cycy, 05 @ ic§?
9 010000  (v]00) + &§[01) + a |10) +ﬁ|11>)0102 ot @ ¢
10 010001  (y]00) — 6 |01) 4+  [10) — B |11)) ¢y oS @ o$?
11 010010  (y]00) +401) — a[10) — B|11))cycy  G05 @ 1c2
12 010011 (y|00) —4&(01) — a|10) + B|11))cycy  i0gr @ 02
13 010100 (§]00) +|01) + B[10) + & |11)) ;05 afl ® o2
14 010101 (8]00) —|01) + B]10) — a|11))cycy 08 ®io§?
15 010110  (§]00) +~|01) — B|10) — a[11))cycy 05 ® aC2
16 010111 (8]00) —|01) — B|10) + a |11))cycy 0y ®ioy

any j,l,m,n € {0,1} leading to the total success prob-
. 1
ability P = Zj,l,m,n=0 PojoImn = 4ptt

Choice 7. If a = ¢ = p and b = d = v, then the only
nonzero success probabilities are p1;iimn = u41/4 /4 for
any j,l,m,n € {0,1} leading to the total success prob-
ability P = Z;,l,m,nzo P1jiimn = dptv?

Choice 8. If a = d = v and b = ¢ = pu, then the only
nonzero success probabilities are piokomn = utv?*/4 for
any i, k,m,n € {0, 1} leading to the total success prob-
ability P = Zihm,n:o Piokomn = 4ptvt.

Choice 9. If a = d = p and b = ¢ = v, then the only
nonzero success probabilities are p;1x1mn = u41/4 /4 for
any i, k,m,n € {0, 1} leading to the total success prob-

ablhty P = Z;k,m,nzo Pitkimn = 4/~I/4V4

After analyzing the choices above, two important obser-
vations are in order. The first one is that the scheme can
never be of a 100% probability of success, i.e., it is only
probabilistic. The second, more interesting, one is that
the success probability is nonzero only when there exists
a matching between the quantum channel (characterized
by u, v) and the GBM (characterized by a, b, ¢, d). In other
words, if there are no relations between u, v and a, b, ¢, d,
then the scheme fails absolutely, as seen from the choice 1.
However, if there exist relations between u, v and a, b, ¢, d,
then the scheme succeeds probabilistically, as verified from
the choices 2 to 9. Furthermore, the actual value of total
success probability P is governed by the degree of match-
ing. More precisely, if the GBM just half-matches with the
quantum channel, as in the choices 2 to 5, the total suc-
cess probability is just P = u*v?*. Yet, Alice can increase
P four times if she adjusts the parameters a, b, ¢, d so that
they fit either one of the choices 6 to 9, which means a
full-matching between the GBM and the quantum chan-
nel. Physically, the above-mentioned matching is associ-
ated with the amount of entanglement, i.e., the amount of

ebit, possessed by the quantum channel and the general-
ized Bell states. The GBM does not match the quantum
channel at all when the amount of ebit of all the four
generalized Bell states differs from that of the quantum
channel (choice 1). If the quantum channel and two (of
the four) generalized Bell states possess the same amount
of ebit, as for the choices 2 to 5, then a half-matching re-
sults. Finally, a full-matching occurs when the amount of
ebit of both the quantum channel and each (of the four)
generalized Bell state becomes equal, as in the choices 6
to 9. At this point we would like to emphazise the role of
the GBM which is compulsorily necessary in our scheme
based on nonmaximally entangled quantum channels. In
fact, employing the standard Bell-state measurement (i.e.,
with @ = b = ¢ = d = 1/+/2) will always lead to a failure
since this corresponds to the choice 1.

Having known of how to optimally manage the GBM
let us concentrate on the choice 6 for which the total suc-
cess probability is maximal (similar analysis goes with
the other three optimal choices 7, 8 or 9). The corre-
spondence between the successful measurement outcome
{ijklmn}, the measurement-induced Charlie’s collapsed
state |S") o, ¢, and the respective unitary operator U 5 102
that Charlie needs to apply on the |S’) , to convert it

into the desired state [S) . o, is represented in Table 2.
C

C105
From Table 2 we see that kalmn Uy htmn, @
C2 C2 Ci 5Ci joCi oCi
vijklmn with uz]klmn’”wklmn € {I Oy ’Zay 02 } for

any i,7,k,l,m,n. This implies that Charlie only needs
single-qubit operations. It is interesting to notice that for
this choice 6 the scheme succeeds only when ¢ = k£ = 0,
i.e., right after her GBM, Alice is conclusively aware of
whether the scheme would succeed or not. This fact sug-
gests an economical management of the classical commu-
nication. Namely, the whole 6 bits {ijkimn} of the full
set of the measurement outcome need not to be published.
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Instead, the parties make use of the following strategy. In
step 3, after Alice performs the GBMs, if she does not ob-
tain ¢ = k = 0, she informs Bob and Charlie that the task
has been failed. Otherwise, Alice continues but in step 5
she needs to announce just four bits {jlmn} for Charlie to
get the secret state using the corresponding unitary oper-
ator listed in Table 2. It is also worth noting that in our
scheme knowledge of the quantum channel (i.e., the value
of ;1 and v) is not necessary for both Bob and Charlie.
The only required technique is that they are capable of
performing single-qubit von Neumann measurements and
single-qubit unitary operations. Compared with the EPR
pairs based schemes [19,20], where Bob and Charlie must
be equipped with a Bell-state analyzer, this is an apparent
advantage in situations when Bob and Charlie are techni-
cally limited.

Next we discuss on security of our protocol. In gen-
eral, attacks may come from an outside eavesdropper Eve
or/and from an inside dishonest party. The attempt of
Eve is to get Alice’s secret state by herself. Since Eve
can by no means distinguish the checking qubits {qZB , qiC }
from the qubits Bj, Bs,C},C5, to gain useful informa-
tion, Eve must attack all of them. For example, she might
capture all the qubits sent out by Alice and then sends
her own fake qubits to Bob and Charlie instead. This at-
tack should however be disclosed with a high probability
in step 2 because there are no correspondences between
states of the fake qubits prepared by Eve and the check-
ing qubits {¢”, ¢} prepared by Alice. Actually, any at-
tacks Eve would adopt should introduce errors into the
checking qubits and can thereby be detected through an-
alyzing the error rate due to them. Concerning the inside
parties, one of them may be dishonest. One aim of the
dishonest party is to obtain the secret state alone even
when he/she has not been assigned by Alice to recon-
struct it. To achieve this goal, the dishonest party cap-
tures all the qubits sent out by Alice and then sends the
other party his/her fake ones. Similar to the case of an
outside Eve, because the dishonest party does not know

in which states Alice’s checking qubits {qf (C)} have been
prepared, his/her fake qubits have no relations with them
and therefore the attack must be detected in step 2 as well.
Being aware of that, the dishonest party, when not being
selected to reconstruct the secret state, may still want to
derange the honest one from obtaining the correct state
by cheating, i.e., by publishing the wrong measurement
results. Such a kind of attack is also detectable in step
4 when Alice analyzes the published measurement results

{r;} of the checking qubits {p?(c)}. As a matter of fact,
the chance for Eve and the dishonest party to escape from
their attacks can be made arbitrarily small by increasing
L, i.e., the number of the decoy checking qubits. Further-
more, if no attacks have been made at all, the probability
for a party to obtain the secret state at his/her hands is
just 50%, since which one of the two parties to reconstruct
the state is randomly selected by Alice, as was mentioned
before. If Alice’s secrecy consists of a set of many different
secret states, each party will on average obtain only one
half of the set. Thus to access the entire Alice’s secrecy
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the two parties still have to cooperate again at the final
stage after the whole secret sharing process ends. This is
another figure of merit that increases the security of the
QSTS scheme.

3 Quantum state sharing of an arbitrary
N-qubit state

We now generalize our scheme to the N-qubit case with
an arbitrary N > 2. Suppose that Alice has an arbitrary
N-qubit secret state that she would like to send to Bob
and Charlie in such a way that they must cooperate in
order to faithfully reconstruct this state. The secret state
can generally be represented as

1

2

11,82,...,in =0

[S)iz..n = Qiyiy..in |1, 92, .. in)12..8, (11)

where 1,2, ..., N label the N qubits in the state |S)12. n
and Zzi,ig,...,zﬁ:O|ai1ﬂ'2v~wiN|2 = 1. The general QSTS
scheme can be outlined as follows.

GS1. Alice has N nonmaximally entangled GHZ
states |@)a;B;c;, in the form (2) with j =
1,2,...,N. In addition, she prepares 4L single check-
ing qubits {¢?,q¢",p2,p¢Y (i = 1,2,..,L) such
that qu C s randomly in one of the four states
{10Y,]1),10), 1)} and p?© is randomly in one of the
two states {|0), [1)}. Then Alice sends out the qubits
Bi,Bs,...,Bn,{¢®}, {pP} to Bob and the qubits

C’l,C’g,...,C’N,{qi&},{p?} to Charlie (see Fig. 2a) in
a random order that she secretly records for a later
use.

GS2. The same as in step 2 of the scheme for N = 2.

GS3. Alice makes N GBMs on the qubit pairs {1, 41},
{2, Az}, ..., and {N, Ay} with the outcomes {k1,l1},
{k2;12}7"'7 and {kN;ZN} if she finds |Bk1l1>1A17
| Biyis)2455 -y and |Biyin ) NAx, respectively. Due to
multipartite entanglement swapping, after the N
GBMs the 2N qubits B;, Bs,..., By, Cy, Cs, ..., and
Cy are projected onto a genuine 2N-partite entangled
state characterized by 2V coefficients Qliyiy..iy that
carry full information of Alice’s original quantum se-
cret state (see Fig. 2b).

GS4. Alice randomly selects either Bob or Charlie to re-
construct her secret state. Let Charlie be the selected
one. If so, Alice asks Bob to measure the remain-
ing L + N qubits {p?,}, B1, Ba, ..., By all in the z-
basis then publicly announce his results. Because Alice
knows the precise order in which the L+ N qubits have
been sent out, she is able to evaluate Bob’s honesty
through a careful analysis of Bob’s measurement re-
sults for the checking qubits {pZ}. If she finds out that
Bob is dishonest she aborts the scheme. Otherwise, she
accepts that Bob’s results for the qubits By, B, ...,
and By are true which we denote by {m1, ma,...,my}
if By, Bs, ..., and By have been found in the states
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Fig. 2. A qubit is represented by a solid circle and an entanglement between qubits by solid lines. The checking qubits
are omitted to avoid prolix. (a) After GS1 Alice holds a N-qubit secret state |S)i2..n while Alice, Bob and Charlie share

N nonmaximally entangled GHZ states |Q>Aj B;jc; with j =
{k2,12},... and {kn,In}, the qubits Bi, Bo, ...,
qubit measurements on qubits Bi, Ba, ...,

1,2, ..
By and 01, 02, ceey
By with outcomes {m1,mao, ...,

,N; (b) after Alice’s N GBMs with outcomes {k1,!1},
Cn become entangled with each other; (c) after Bob’s single-
mn }, Charlie’s N qubits are left in an entangled state

|Preyty.. kyiymy...my )C1Cs...Cx that contains full information of Alice’s original secret state.

|m1)B,, |m2)B,, ..., and |mpy)p,, respectively. As a
consequence, Charlie’s N qubits Cy, Cs, ..., Cny will
collapse onto the state |DPr,i, . kninmi...ma)CiCo...Cx
which is of the form

|@k111mkNlel»»»mN>C102mCN =
1
k}lll
2 : Tiy.in

11,8250+,

k:Nlel‘“mN

in=0

X |i17i27~"7iN>C1C2»»»CN (12)

with the coefficients :cklll NkNlel N being deter-
mined by Alice’s and Bob s measurement outcomes
(see Fig. 2¢).

GS5. Alice publicly broadcasts the precise position of the
qubits Cq, Cs, ..., Cn at Charlie’s hands as well as her
and Bob’s measurement outcomes (which is a classi-
cal message) in the form {k1lykalo...knInymime..mpy}
according to which Charlie is able to transform
[Py 1y kealo.. kninmima...mu ) CrCa...Cx b0 the desired state

|S)cycs...on by applying on the qubits Cy, Cy, ..., Cn
an appropriate unitary operator
U0102 CN —
k}lllkzlz kNlelmQ MmN -
N C;
®z 1 U( )klllkzlz knInNmima..my (13)
with
~C; c;, _C; C
u(l)klllk2l2H‘k:NlelWLQ...mN € {I 70- ZU }

(14)

Clearly, as in the case N = 2, in the general scheme both
Bob and Charlie need not to know the quantum channels
and all what they need is the capacity of performing single-
qubit measurements and single-qubit operations. The se-
curity of the general scheme against Eve and a dishonest
party is also ensured by the checking procedures described
in step GS2 and step GS4.

4 Conclusion

In conclusion, we have presented in full detail a quan-
tum state sharing scheme of arbitrary 2-qubit state using
two nonmaximally entangled three-partite GHZ states and
measurements in the generalized Bell-state basis. The ran-
domly chosen one among Bob and Charlie is able to recon-
struct Alice’s original secret state in cooperation with the
other party with unit fidelity at the cost of less than unit
success probability. For given quantum channels, i.e., for
given parameters p and v, success of the scheme is sensi-
tive to the generalized Bell-state measurement parameters
a, b, ¢ and d, which Alice can choose at her will to opti-
mize the performance. Through analyzing the 9 possible
choices for the parameters a, b, ¢ and d, we have found out
that the maximal total success probability P = 4u*v* can
be achieved when the generalized Bell states fully match
the (nonmaximally entangled) quantum channel. In our
scheme neither Bob nor Charlie need to know the quantum
channels or to be capable of performing two-qubit joint
measurements/operations. This is particularly favorable
in circumstances when neither Bob nor Charlie are tech-
nically powerful. We have also proposed a security check-
ing method through which not only the outsider’s attacks
but also the insider’s cheating can be detected efficiently.
Generalization to the scheme for sharing an arbitrary N-
qubit with any N > 2 between M = 2 parties have been
outlined as well. Extension to an arbitrary M > 2 parties
is straightforward via (M + 1)-partite entangled state.

Z.X.M. and Y.J.X. are supported by the Key Program of
National Natural Science Foundation of China under Grant
No. 10534030, while N.B.A is supported by Vietnam Ministry
of Science and Technology (under Project No. 403906) and
Korea Ministry of Information and Communication.

References

1. A. Shamir, Comm. ACM 22, 612 (1979)
2. J. Gruska, Foundation of computing (Thomson Computer
Press, London, 1979), p. 504



340

®

10.
11.
12.
13.

14.

The European Physical Journal D

M. Hillery, V. Buzk, A. Berthiaume, Phys. Rev. A 59, 1829
(1999)

A. Karlsson, M. Koashi, N. Imoto, Phys. Rev. A 59, 162
(1999)

D. Gottesman, Phys. Rev. A 61, 012308 (2000)

V. Karimipour, A. Bahraminasab, S. Bagherinezhad,
Phys. Rev. A 65, 042320 (2002)

S. Bagherinezhad, V. Karimipour, Phys. Rev. A 67,
044302 (2003)

T. Tyc, B.C. Sanders, Phys. Rev. A 65, 042310 (2002)

L. Xiao, G.L. Long, F.G. Deng, J.W. Pan, Phys. Rev. A
69, 052307 (2004)

G.P. Guo, G.C. Guo, Phys. Lett. A 310, 247 (2003
S. Bandyopadhyay, Phys. Rev. A 62, 012308 (2000
Z.J. Zhang, Z.X. Man, Phys. Rev. A 72, 022303 (2005);
Z.J. Zhang, Y. Li, Z.X. Man, Phys. Rev. A 71, 044301
(2005)

W. Tittel, H. Zbinden, N. Gisin, Phys. Rev. A 63, 042301
(2001)

R. Cleve, D. Gottesman, H.K. Lo, Phys. Rev. Lett. 83,
648 (1999)

~

15.

16.
17.

18.
19.
20.
21.
22.

23.

24.
25.
26.
27.

A.C.A. Nascimento, Q.J. Mueller, H. Imai, Phys. Rev. A
64, 042311 (2001)

Y.M. Li et al., Phys. Lett. A 324, 420 (2004)

A. Einstein, B. Podolsky, N. Rosen, Phys. Rev. 47, 777
(1935)

A M. Lance et al., Phys. Rev. A 71, 033814 (2005)

F.G. Deng et al., Phys. Rev. A 72, 044301 (2005)

F.G. Deng et al., Eur. Phys. J. D 39, 459 (2006)

F.G. Deng et al., Phys. Rev. A 72, 022338 (2005)

X.H. Li et al., J. Phys. B: At. Mol. Opt. Phys. 39, 1975
(2006)

W.L. Li, C.F. Li, G.C. Guo, Phys. Rev. A 61, 034301
(2000)

P. Agrawal, A K. Pati, Phys. Lett. A 305, 12 (2002)

G. Gordon, G. Rigolin, Phys. Rev. A 73, 042309 (2006)
G. Gordon, G. Rigolin, Phys. Rev. A 73, 062316 (2006)
S. Bose, V. Vedral, P.L. Knight, Phys. Rev. A 57, 822
(1998)



